We demonstrate that a shift of the vulnerable window caused by tissue inhomogeneity can play a role in the generation of reentrant excitation. The Earm-Hilgemann-Noble equations were incorporated into 1-and 2-dimensional inhomogeneous partial di erential equation models of atrial tissue. Inhomogeneity was produced by a reduction of g Na over part of the medium and the vulnerable window for initiating re-entrant activity in homogeneous models determined from numerical integrations. Reduction of g Na 40% produced little e ect on the width of the vulnerable window, but the onset of the vulnerable window was delayed. The delay of the vulnerable window allows re-entry to be initiated at junction between media with normal and reduced excitability, even though there is no appreciable change in action potential duration.
Introduction
Many cardiac arrhythmias, including atrial tachycardia Allessie, et al. 1977] , atrial utter Allessie et al., 1984] and atrial brillation Allessie et al., 1985] , are associated with re-entrant excitation (or recirculation), in which a wave of excitation repeatedly re-invades the same piece of cardiac tissue after propagating around a region of anatomical or functional block. Re-entrant excitation can be idealised as a spiral wave in two-dimensional excitable media Jalife, 1990; Holden, 1995] .
The mechanisms by which re-entrant excitation is initiated in cardiac muscle are not clear. Early studies of re-entrant circulation were carried out using ringlike preparations with an anatomical obstacle around which the wave front could circulate. However, an anatomical circuit is not essential for re-entry. Re-entry can occur around a unidirectional conduction block associated with either structural or functional barriers. Structural barriers can be due to non-uniformity of either cell-to-cell coupling or membrane properties, produced by localised damage. Functional barriers are due to temporal di erences in the recovery of excitability. Allessie et al. 1977] have successfully induced re-entrant excitation in a small isolated slice cut from the rabbit atrium, where the appendage passes into the body of the left atrium, by a single appropriately timed point stimulus shortly after the last of a series of periodic stimuli. During the periodic stimulation, each stimulus generates a wave of excitation that propagates radially away from the stimulation point with almost the same conduction velocity in all directions. However, the nal, "premature" stimulus generates a wave of excitation propagating only in a certain directions, with conduction blocked in other directions. Similar results have been obtained in thin slices of dog and sheep epicardial ventricular muscle Pertsov et al., 1993] . In both these experiments, re-entrant spiral waves were initiated by a single, point stimulus after a train of stimuli. Symmetry considerations mean that such point stimulation cannot initiate re-entrant activity in a spatially homogeneous excitable medium. It was proposed that the unidirectional block was caused by observed di erences in the action potential durations in di erent directions around the stimulation site. In a periodically active medium with an inhomogeneous distribution of action potential duration, excitation evoked by a premature stimulus may propagate only into tissue that has fully recovered, i.e. , with the shorter action potential duration, and be blocked by tissue with the longer action potential duration. This mechanism of initiating re-entrant excitation in cardiac tissue was conjectured by Krinsky in 1968, and has been numerically demonstrated with FitzHugh-Nagumo type models Pan lov, Vasiev, 1991; Pertsov et al., 1993] .
Here we use biophysically detailed models of atrial tissue to show that in an inhomogeneous atrial model with a negligible inhomogeneity in action potential duration and conduction velocity, re-entrant activity may be initiated by point stimulation at the junction between regions of di ering excitability. We address the following special points: 1) changes of excitable medium properties can a ect the vulnerable window of the tissue by both changing its width and shifting its occurrence in time; 2) the shift of the vulnerable window can play a role in initiating re-entrant excitation in inhomogeneous media.
The numerical model of atrial tissue
The Earm-Hilgemann-Noble (EHN) equations are a set of ordinary di erential equations derived from the results of extensive electrophysiological experiments on mammalian atrial tissue and cells, and model a single atrial cell Earm, Noble, 1990; Hilgemann, Noble, 1987] . They describe voltagedependent ionic currents, pump/exchanger currents, time dependent changes in intracellular and extracellular ionic concentrations, and storage and release of Ca ++ by intracellular organelles. The EHN model may be used as an element in atrial tissue models Winslow et al., 1993a, Biktashev and Holden, 1995; Holden and Zhang, 1995] . The EHN model is: C m dV=dt = ?I tot (1) where C m is the membrane capacitance (in Fcm ?2 ), V the membrane potential (in mV ), t the time (in s) and I tot the total current (in nA):
I tot = i f + i k + i k1 + i t0 + i b;Na + i b;Ca + i p + i Na;Ca +i Na + i Ca;f + i Ca;s + i pulse The meaning of the components of I tot and the full equations and related parameters are listed in Winslow et al. 1993b ], or can be obtained from the documentation of Oxsoft HEART Noble, 1994] .
An excitable medium model of atrial tissue is given by a parabolic partial di erential equation of reaction di usion type that incorporates equation (1): @V=@t=?I tot =C m +r 2 DV
(2) where D is the di usion coe cient that scales the conduction velocity of a solitary travelling wave solution. For an isotropic medium this is a scalar;
for an anisotropic medium it is a tensor. r 2 is a Laplacian operator. r 2 = @ 2 =@x 2 for a one-dimensional model, and r 2 = @ 2 =@x 2 + @ 2 =@y 2 for a twodimensional model. x and y represents space (in mm). In numerical simulations, the di usion coe cient D was set to 125 mm 2 s ?1 to give a conduction velocity for a solitary plane wave of about 0.6 ms ?1 . Calculations were performed using the explicit Euler method with threenode approximation for 1 ? D and ve-node approximation for 2 ? D of the Laplacian operator, with zero ux boundary conditions. The time step t is 0.1 ms, and space step ( x = y) is 0.32 mm. The space constant of the model is 1 mm, and the space step of 0.32 corresponds to the long axis of about 4 cells, and is su cient small for stability of the numerical solution Holden, Zhang, 1995] .
3 Results 3.1 E ect of reduction of g Na on action potential duration: Figure 1 shows the e ect of a reduction of g Na on action potential solutions of the EHN model (equation (1)) initiated by depolarising current pulses of 1.3 nA and duration 2 ms. There is little change in the shape of a solitary action potential ( Fig. 1(a) ) or of repetitive activity with a period close to that of a re-entrant spiral wave (Holden and Zhang ,1995) (Fig 1(b) ) when g Na is reduced from its standard value of 0.5 mS, to 0.3 mS. Such a 40% reduction in g Na prolongs the action potential duration (APD), measured at V = ?89mV , by only 2:5ms. Figure 1(c) shows the e ects of g Na reduction on the APD. As g Na is reduced, the APD increases monotonically, and with a 90% reduction of g Na , the APD has increased by 20 ms. Setting g Na to zero does not abolish the action potential.
E ect of reduction of g Na on propagation in one dimension
A suprathreshold localised stimulus applied in the wake of a propagating action potential may initiate a response that propagates in all directions away from the stimulation site, or, if the the stimulus is applied within a speci c time window, that propagates in only some directions. This time window is known as the vulnerable window. In a one dimensional excitable medium, suprathreshold excitation within the vulnerable window produces unidirectional conduction, in a two-dimensional mediuma pair of spiral waves is initiated, and in a three dimensional medium a scroll wave. Thus the vulnerable window provides an index of the vulnerability of tissue to re-entry, and may be measured by its width (TW).
Figure 2: The response of a homogeneous atrial ring model to a test stimulus applied to the refractory tail of a propagating conditioning wave t after the conditioning wave front reaches the stimulation site. a) t = 80 ms, no action potential initiated; b) t = 83 ms, unidirectional block; c) t = 90 ms, a pair of action potential initiated.
The vulnerability of cardiac tissue will be in uenced by any physiological and pathological events that alter the depolarization and the repolarisation processes of excitation Starmer et al., 1993; Quan, Rudy, 1989 ]. Here we show that a shift in the time of onset of the vulnerable window may lead to re-entrant excitation in a heterogeneous medium.
A conditioning excitation wave is initiated in an isotropic, one dimen-sional homogeneous 1-D ring with circumference L=48 mm and periodic boundary conditions (i.e., V (x; t) = V (x + L; t)), by applying a stimulus at x = 0 at time zero. The initiated waves propagate in both directions around the ring, and annihilate on collision at x = 24mm. A test stimulus is applied at x = 12:8mm a time t after the conditioning excitation wavefront arrives at this point on the ring. The response to the test stimulus is dependent on the time delay t. If the test stimulus is applied before T1, the stimulation site is still refractory and fails to generate an action potential (see gure 2(a); t = 80ms). If the test stimulus is applied after time T2, it evokes a pair of waves propagating in both directions. These waves annihilate when they meet (see gure 2(c); t = 90ms). However, if the test stimulus is applied within the time window ( T1; T2), it evokes a solitary excitation wave which is conducted in the retrograde direction. In the ring this excitation wave can form a sustained re-entrant excitation as shown in gure 2(b) ( T = 83ms). The time window ( T1; T2) is the vulnerable window, with width TW = T2 ? T1. With standard g Na ; T1 = 82ms; T2 = 84 ms, and TW = 2 ms. The test stimulation, occurring a speci ed time after a propagating action potential, corresponds to a premature point excitation in rhythmically driven cardiac tissue. We now investigate the e ects of a reduction in g Na on the conduction velocity and vulnerable window for action potentials in a 1-dimensional model. Figure 3 (a) plots the conduction velocity of a solitary action potential in the 1-D model (equivalent to a solitary plane wave in an isotropic homogeneous 2-D model) against the reduction in g Na . As the g Na is reduced the conduction velocity falls monotonically. With the di usion coe cient D = 125 mm 2 s ?1 , with standard g Na the conduction velocity for a solitary travelling wave is 0:62ms ?1 , with g Na reduced by 40%, the conduction velocity has reduced to 0:57ms ?1 , a decrease of about 10%. Figure 3(b) shows the e ect of reduction of g Na on the vulnerability of the tissue. A reduction of g Na has little e ect on the width of the vulnerable window, which remains approximately constant at 2 ms. However, reduction of g Na delays the onset of the vulnerable window (Figure 3(c) ). With normal g Na ; ( T1; T2) =(82,84) ms, but with g Na reduced by 40%; ( T1; T2) shifts to (91, 93) ms; a temporal shift of 9 ms.
This example illustrates that changes in membrane properties can produce a shift of the vulnerable window while leaving its width unaltered. Cardiac tissue is inhomogeneous, with cells in neighbouring parts of the heart having quantitatively and qualitatively di erent properties and behaviours. These inhomogeneities in the cellular properties can produce inhomogeneities in the width and the onset time of the vulnerable window. We now demonstrate that re-entry can arise at the junction between regions with similar action potential durations, the same width of the vulnerable window, but with di erent onset times of the vulnerable window.
3.3 Re-entry initiated by the shift of the vulnerable window in an inhomogeneous ring:
In a homogeneous medium repetitive stimulation at a point may either evoke excitation waves propagating radially from the stimulation site, or fail to excite. This is due to the re ection symmetry about the stimulation site.
However, in an inhomogeneous medium asymmetrical recovery of excitability may produce a unidirectional block leading to re-entrant excitation.
Figure 4: The initiation of reentrant excitation in an inhomogeneous atrial ring model with g Na at its standard value in half of the ring and reduced by 40% in the half of the ring. The reentrant excitation is induced by two point stimuli with a time interval t applied at the junction of the normal and g Na reduced regions. The response of the atrial ring to the second stimulus depends on the time delay t. a) t = 84 ms; b) t = 88 ms; c) t = 95 ms.
An inhomogeneous one dimensional ring, with g Na at its standard value in one half of the ring and reduced by 40% in the other half of the ring, was constructed. At time zero, a suprathreshold conditioning point stimulus was applied at the junction between the normal and g Na reduced segments. The pair of waves initiated by the conditioning stimulus propagated away from the stimulation site. After a time delay of T ms, a test stimulus with the same amplitude and duration, is applied at the same site. The response to this test stimulus is dependent on T. If T is earlier than 85 ms after the conditioning stimulus no propagating response is generated by the test stimulus ( gure 4(a) ). If T > 92 ms, the test stimulus evokes a pair of excitation waves propagating through both the normal and g Na reduced regions ( gure 4(c)). If T falls within the interval 85, 92] ms, the test stimulus evokes an excitation wave propagating into the normal segment, but propagation into the g Na -reduced region is blocked, leading to re-entry in the ring ( gure 4(b)).
3.4 Re-entry in two-dimensional inhomogeneous medium:
Two dimensional numerical simulations used an excitable medium model of size 24 48mm 2 , with space steps x = y = 0:32mm, and non-ux boundary conditions. Inhomogeneity was introduced by reducing g Na by 40% in a rectangular quadrant of the medium A conditioning wave is initiated by applying a pulse stimulus at a point S on the boundary with this quadrant. After a time T, a test stimulus is applied with the same amplitude and duration at the same point. The conditioning stimulus evokes an excitation wave that propagates radially from S. The response to the test stimulus is dependent on the time delay T. If the test stimulus is early ( T < 85 ms), the test stimulus fails to evoke an excitation wave. If the delay time is too long ( T > 92 ms), the test stimulus evokes another excitation wave propagating radially from S. If the delay time falls in the time interval, 85 T 92 ms, which is the gap between the vulnerable windows of the normal tissue and the g Na reduced tissue, the evoked excitation propagates into the region with normal g Na , but is blocked in the region with reduced g Na . The wave travels along the border of the reduced g Na region, and enters this region after it recovers its excitability. Thus re-entrant excitation is formed. Figure 5 plots snapshots of the excitation waves in the 2 ? D inhomogeneous atrial model, with a conditioning stimulus applied at time 0, and a test stimulus applied after a time delay T = 87 ms. The conditioning stimulus evokes an excitation wave propagating radially -5(a) ( at 10 ms), (b) (at 20 ms) and (c) (at 30 ms). Reduction of g Na by 40% produces only a 10% decrease in conduction velocity, and so the excitation wavefront evoked by the conditioning stimulus is approximately circular. The response to the test stimulus is blocked in the region with reduced g Na , see 5(d) (at 97ms), after the recovery of the excitability of the reduced g Na region, the excitation waves enters the g Na reduced region, forms a re-entrant spiral excitation, see 5(e) (at 107ms). This re-entrant excitation is self sustained, see 5(f) (at 200ms).
In the 2 ? D inhomogeneous medium the time interval during which a test excitation wave is unidirectionally blocked leading to reentrant excitation is 6 ms. This time interval is signi cantly larger than the di erence in APDs of normal and g Na reduced regions i.e. re-entry can be generated at a boundary between inhomogeneous cardiac tissue even when there is little or no di erence in action potential durations. 
Conclusions
In electrophysiological experiments on isolated tissue preparations of rabbit atrium (Allessie, et al., 1976) and sheep epicardial ventricular tissue (Pertsov et al., 1993) a test stimulus applied at an appropriate time after a series of periodic conditioning stimuli may expose a unidirectional conduction block and generate self-sustained re-entrant excitation. It was proposed that the unidirectional block was due to di erences in the action potential duration of the tissues surrounding the stimulation site (Allessie, et al., 1976; Pertsov et al., 1993) . Such di erences were observed. In this paper, we use models of atrial tissue to show that in an inhomogeneous medium, with almost negligible di erences in action potential duration and conduction velocity, there is a time interval, during which the response to a test stimulus applied at the junction of the inhomogeneity su ers unidirectional block, leading to sustained re-entrant excitation. The important point is that this time interval is much larger than any di erence in action potential durations, and is approximately equal to the shift of the vulnerable window in time. Thus we propose that shift of the vulnerable window due to an inhomogeneity in cardiac tissue may be another factor in the generation of re-entrant activity by ectopic excitation.
Figure legends: Figure 1 : The e ect of reduction of g Na on the action potential of the EarmHilgemann-Noble model, action potentials initiated by 1.3 nA, 2 ms duration current pulses: (a) a solitary action potential initiated from a resting state (b) periodic activity with a period of 80 ms; the solid line is with a standard g Na of 0:5mS, the dotted line with g Na reduced to 0.3 mS. (c) Action potential duration, measured at V = -89 mV for solitary and periodic action potentials as g Na is varied from 0 to 0.5 mS. Figure 2 . The response of a homogeneous atrial ring model to a test stimulus applied to the refractory tail of a propagating conditioning wave t after the conditioning wave front reaches the stimulation site. a) t = 80 ms, no action potential initiated; b) t = 83 ms, unidirectional block; c) t = 90 ms, a pair of action potential initiated. Figure 3 . The e ect of reduction of g Na on: (a) the conduction velocity of a solitary planar wave solution of a homogeneous atrial ber mode of equation (2), (b) the width of the width of the vulnerable window, (c) the timing ( T1; T2) of the vulnerable window Figure 4 . The initiation of reentrant excitation in an inhomogeneous atrial ring model with g Na at its standard value in half of the ring and reduced by 40% in the half of the ring. The reentrant excitation is induced by two point stimuli with a time interval t applied at the junction of the normal and g Na reduced regions. The response of the atrial ring to the second stimulus depends on the time delay t. a) t = 84 ms; b) t = 88 ms; c) t = 95 ms. Figure 5 . Snapshots of excitation waves in the 2-D inhomogeneous atrial model, with a conditioning stimulus at time 0, and a test stimulus after a time delay t = 87 ms. Inhomogeneity is introduced by reducing g Na by 40% in the lower left quadrant of the medium (9:6 24mm 2 in a 24 48mm 2 medium). With the conditioning stimulus, the evoked excitation wave propagates outwardly from the stimulation site. The response of the tissue to the test stimulus is depends on t. a) at time 10 ms; b) at time 20 ms; c) at time 30 ms; d) at time 97 ms; e) at time 107 ms; f) at time 200 ms.
